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Abstract 

A non-commutative structure for de Sitter spacetime is naturally introduced 
by replacing ( "fuzzyfication" ) the classical variables of the bulk in terms of the dS 
analogs of the Pauli-Lubanski operators. The dimensionality of the fuzzy variables 
is determined by a Compton length and the commutative limit is recovered for dis- 
tances much larger than the Compton distance. The choice of the Compton length 
determines different scenarios. In scenario I the Compton length is determined by 
the limiting Minkowski spacetime. A fuzzy dS in scenario I implies a lower bound 
(of the order of the Hubble mass) for the observed masses of all massive particles 
(including massive neutrinos) of spin s > 0. In scenario II the Compton length is 
fixed in the de Sitter spacetime itself and grossly determines the number of finite 
elements ("pixels" or "granularity") of a de Sitter spacetime of a given curvature. 
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1 Introduction 



Within the framework of Quantum Physics in Minkowskian space-time, an elementary 
particle, say a quark, a lepton, or a gauge boson, is identified through some basic attributes 
like mass, spin, charge and flavour. The (rest) mass is certainly the most basic attribute 
for an elementary particle. Now, for a particle of non-zero mass, its relation to space- 
time geometry on the quantum scale is irremediably limited by its (reduced) Compton 
wavelength 

^cmp • ( 1 ) 

mc 

It is sometimes claimed that A cmp represents "the quantum response of mass to local 
geometry" since it is considered as the cutoff below which quantum field theory, which 
can describe particle creation and annihilation, becomes important. 

Now we know, essentially since Wigner, that mass and spin attributes of an "elemen- 
tary system" emerge from space-time symmetry. These arguments rest upon the Wigner 
classification of the Poincare unitary irreducible representations (UIR) [HI2]: the UIR's of 
the Poincare group are completely characterized by the eigenvalues of its two Casimir op- 
erators, the quadratic C° = P p P p = P° — P 2 (Klein-Gordon operator) with eigenvalues 
(C$) = m 2 c 2 and the quartic C\ = W^W P , W p = \t^ vp(T J up P' T (Pauli-Lubanski operator) 
with eigenvalues (in the non-zero mass case) (C®) = —m 2 c 2 s(s + l)h 2 . 

These results lead us to think that the mathematical structure to be retained in the 
description of mass and spin is the symmetry group, here the Poincare group V, of space- 
time and not the space-time itself. The latter may be described as the coset V/L, where 
L is the Lorentz subgroup. On the other hand we know that a UIR of V is the quantum 
version ("quantization") of a co-adjoint orbit [3] of V, viewed as the classical phase space 
of the elementary system. The latter is also described as a coset: for an elementary system 
with non-zero mass and spin the coset is V j (time-translations x 5*0(2)). This coset is by 
far more fundamental than space-time. 

Since a co-adjoint orbit may be viewed as a phase space or set of initial conditions 
for the motion of an elementary particle, and so is proper to the latter, the existence 
of a "minimal" length provided by its Compton wavelength leads us to consider the 
space-time as a "fuzzy manifold" proper to this system. This raises the question to 
establish a consistent model of a fuzzy Minkowski space-time issued from the Poincare 
UIR associated to that elementary system. The answer is not known in the case of a flat 
geometry. However note that the Pauli-Lubanski vector components W 1 could be of some 
use in the "fuzzyfication" of the light-cone in Minkowski, just through the replacement 
x m \yv anc j by dealing with massless UIR's of the Poincare group in such a way that 
the second Casimir C\ is fixed to zero. The non-commutativity stems from the rules 
[W^, W u ] = —ie pupa P p W a and the covariance is granted thanks to the rules [W^, P u ] = 
and [J,^, W p ] = i {r} w W v - rjupW^). 

In this note we show that there exists a consistent way for defining such a structure 
for any "massive system" if we deal instead with a de Sitter space-time. 

The organization of the paper is as follows. In Section 2 we recall the basic features 
of the de Sitter space-time and of its application to the cosmological data suggesting an 
accelerating universe. In Section 3 we compactly present the main properties of the de 
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Sitter group UIR's. In section 4 we discuss the contraction limits of the de Sitter UIR's 
to the Poincare UIR's. The main results are discussed in Section 5 and 6. In Section 5 a 
non-commutative structure is naturally introduced in dS spacetime by assuming the bulk 
variables being replaced by "fuzzy" variables (similarly to the analogous non-commutative 
structure of the fuzzy spheres) which, in a given limit, recover the commutative case. The 
"de Sitter fuzzy Ansatz" implies a lower bound (of the order of the observed Hubble 
mass 1 w 1.2 10~ 42 GeV) for the observed masses of the massive particles of spin s > 0. 
In Section 6 the "de Sitter fuzzy Ansatz" is applied to the desitterian physics and its 
cosmological applications. In the Conclusions we discuss the implication of these results 
and outline possible developments. 



2 The de Sitter hypothesis 

In a curved background the mass of a test particle can always be considered as the 
rest mass of the particle as it should locally hold in a tangent minkowskian space-time. 
However, when we deal with a de Sitter or Anti de Sitter background, which are constant 
curvature space-times, another way to examine this concept of mass is possible and should 
also be considered. It is precisely based on symmetry considerations in the above Wigner 
sense, i.e. based on the existence of the simple de Sitter or Anti de Sitter groups that 
are both one-parameter deformations of the Poincare group. We recall that the de Sitter 
[resp. Anti de Sitter] space-times are the unique maximally symmetric solutions of the 
vacuum Einstein's equations with positive [resp. negative] cosmological constant A. Their 
respective invariance (in the relativity or kinematical sense) groups are the ten-parameter 
de Sitter 5*00(1,4) and Anti de Sitter SOo(2,3) groups. Both may be seen as deforma- 
tions of the proper orthochronous Poincare group M 1,3 x SOq(1, 3), the kinematical group 
of Minkowski. Exactly like for the flat case, dS and AdS space-times can be identified as 
cosets SO (l, 4)/Lorentz and SO Q (2, 3)/Lorentz respectively, and coadjoint (= adjoint) 
orbits of the type SO (l,4)/SO(l,l) x SO{2) (resp. SO (2, 3)/50(2) x SO(2)) can be 
viewed as phase space for "massive" elementary systems with spin in dS (resp. AdS). 
Since the beginning of the eighties the de Sitter space has been considered as a key model 
in inflationary cosmological scenario where it is assumed that the cosmic dynamics was 
dominated by a term acting like a cosmological constant. More recently, observations 
on far high redshift supernovae, on galaxy clusters and on cosmic microwave background 
radiation (see for instance [1]), suggest an accelerating universe. This can be explained in 
a satisfactory way with such a term. This constant, denoted by A, is linked to the (con- 
stant) Ricci curvature 4A of these space-times and it allows to introduce the fundamental 
curvature or inverse length Hc^ 1 = a/|A|/3 = -R -1 , (H is the Hubble constant). 

To a given (rest minkowskian) mass m and to the existence of a non-zero curvature is 
naturally associated the typical dimensionless parameter for dS / AdS perturbation of the 
minkowskian background: 

def fu/\K\ _ HH _ m H , v 

V 3mc mc 2 m 
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where we have also introduced a "Hubble mass" m H through 



m H = — . (3) 



c 2 



We can also introduce the Planck units, defining the regime in which quantum gravity 
becomes important, which are determined in terms of h, c and the gravitational constant 
G, through the positions 



length : l Pl = \/ ^ « 1.6 x 10~ 33 c 



KG 

he 



mass : m Pl = \/ w 2.2 x 1(T 5 # m 1.2 x 10 19 Ge1//c 2 , 

Gr 



time : t P , = \l — — w 5.4 x 10~ 44 .' 




c 5 



temperature : T Pl = \j f ~ !- 4 x 10 32 K (4) 

The observed value of the Hubble constant is 

H = H = 2.5 x lO^V 1 . (5) 
Associated to the Planck mass, we have the dimensionless parameter $ P i through 

#Pi = ^L = t Pl H ^1.3xlO- 6 \ (6) 
m P i 

while 

At 2 Pl c 2 = Al Pl 2 = 9$ Pl 2 w 1.6 x 1(T 121 (7) 

(namely, the cosmological constant is of the order 10 -120 when measured in Planck units) 
and 

= (tfo^r'-O.SxlO 61 . ( 8 ) 

As a consequence, if l P \ is a minimal discretized length, (y^-) 3 ~ 10 180 measures the 
number of discrete elements ( "atoms" ) in a quantum de Sitter universe. 

We give in Table below the values assumed by the quantity -# m when m is taken as 
some known masses and A (or H ) is given its present day estimated value. We easily 
understand from this table that the currently estimated value of the cosmological constant 
has no practical effect on our familiar massive fermion or boson fields. Contrariwise, 
adopting the de Sitter point of view appears as inescapable when we deal with infinitely 
small masses, as is done in standard inflation scenario. 
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IV IT 

Mass m 


a 

17 ~ 

"m 


Hubble mass m A /V3 « 0.293 x 10 b8 kg 


1 


up. lim. photon mass m 7 


0.29 x 10" 16 


up. lim. neutrino mass m u 


0.165 x 10~ 32 


electron mass m e 


0.3 x 10~ 37 


proton mass m p 


0.17 x 10" 41 


W ± boson mass 


0.2 x 10~ 43 


Planck mass Mpi 


0.135 x 10~ 60 



Table 1: Estimated values of the dimensionless physical quantity i9 m = f h ^^ c = ~ 

0.293 x 10~ 68 x m^ 1 for some known masses m and the present day estimated value of 
the Hubble length c/H « 1.2 x 10 26 m [5]. 



3 1+3 De Sitter geometry, kinematics and dS UIR's 

Geometrically, de Sitter space-time can be described as an one-sheeted hyperboloid M.h 
embedded in a five-dimensional Minkowski space (the bulk): 

M H = {xe R 5 ; x 2 = x ■ x = 7] aP x a x (3 = -H' 2 = -R 2 } 

a, (5 — 0, 1, 2, 3, 4, r] al3 = diag(l, — 1, —1, — 1, —1) , x := x, x 4 ). 

A global causal ordering exists on the de Sitter manifold: it is induced from that one 
in the ambient spacetime R 5 : given two events x, y € M#, 

x > y iS x — ye V + 

where 

V+ = {x E R 5 : x ■ x > 0, sgnx = +} 

is the future cone in R 5 . One says that {y G M H : y > x} (resp. {y G M H : y < x}) 
= closed causal future (resp. past) cone of point x in X. Two events x, y G M# are 
in "acausal relation" or "spacelike separated" if they belong to the intersection of the 
complements of above sets, i.e. if (x — y) 2 = —2(H~ 2 + x ■ y) < 0. 

There are ten Killing vectors generating a Lie algebra isomorphic to so(l,4): 

Ka/3 = X a df3 - xpda . 

At this point, we should be aware that there is no globally time-like Killing vector in 
de Sitter, "time-like" (resp. "space-like") referring to the Lorentzian four-dimensional 
metric induced by that of the bulk. The de Sitter group is G = 5*00(1, 4) or its universal 
covering, denoted Sp(2, 2), needed for dealing with half-integer spins. 

Quantization (geometrical or coherent state or something else) of de Sitter classical 
phase spaces leads to their quantum counterparts, namely the quantum elementary sys- 
tems associated in a biunivocal way to the UIR's of the de Sitter group S , O (l,4) or 
Sp(2,2). The ten Killing vectors are represented as (essentially) self-adjoint operators in 
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Hilbert space of (spinor-)tensor valued functions on Mh, square integrable with respect 
to some invariant inner (Klein-Gordon type) product : 



K a p — > L aj3 — M a p + S a p , 

where M a/3 = —i(x a dp — Xpd a ) (orbital part), and S a p (spinorial part) acts on indices of 
functions in a certain permutational way. Note the usual commutation rules, 

[L a p-, L^s] = —i (Va-yLps — rjasLp-f — r)p y L a s + r]p 5 L a7 ) . (9) 

Two Casimir operators exist whose eigenvalues determine the UIR's : 

C 2 = - l -L a pL a ? , (10) 
C 4 = -W a W a , W a = ~e afhSri lJ*L*> , (11) 

o 

where (W a ) is the dS counterpart of the Pauli-Lubanski operator. These W a 's transform 
like vectors: 

[Lap, W 7 ] = i (r}pjW a - r) ai Wp) . (12) 

In particular we have 

W a = i [W , L a0 , ] , a = 1,2,3,4. (13) 

The WJs commute as: 
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[W a ,Wp] = -ie a p aia2a3 W a -L^ 

= -% (L^ 5 L jS - 3) L a p + % - {L lS , {L ai , Lp 5 }} . (14) 

The algebra defined by the L a p and the W a generators (regarded as primitive generators) 
is a non-linear finite PF-algebra [6]. This algebra respects the grading [L a p] = 2, [W a ] = 3, 

[[,]] = r l- 

As it is the case with non-linear W^-algebras, ©, (|12|) and f[T4|) can be linearized (the 
"unfolded" version) at the price of introducing an infinite number of generators regarded as 
primitive generators. E.g., the r.h.s. of Equation (fl4l) can be written as — ie a p lll2ri Z 11 ' 1 ' 213 , 
where Z 717273 can be identified with W^L" 1213 ([2" n 7273] = 5). An infinite tower of extra 
primitive generators have to be introduced to close the algebra linearly. 

It is convenient to reexpress the L a p, W a generators of the finite M^-algebra in their 
50(4) decomposition, (a, b = 1,2,3,4), given by T a , L ab , Z, W a , where 

T a = Lo a , Z = Wq . 

Due to the fact that the WaS arise from the commutator [T a , Z], we can regard the finite 
non-linear W-algebra with T a , L ab , Z, W a primitive generators as an unfolded version of 
the finite non-linear P^-algebra with T a , L ab , Z primitive generators. 

The operator Wo is the difference of two commuting sw(2)-Casimir. To get this, we 
start from the expression: 

Wq = — (L12-L34 + L23L14 + L31L24) = —J ■ A . 
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The operators J = (L 2 3, L 31 , Li 2 ) T and A = (L 14 , L 2 4, L U ) T represent a basis for the 
maximal compact subalgebra t = so (4): 

[Jj, Jj] = iJk , [Ji, Aj\ = iAk , [Ai, Aj] = iJk , 

with (i,j,k) even permutation of (1,2,3). Introducing the two commuting sets of su{2) 
generators: 



1 1 L L 



N L : =-(A + J), N R :=-(A-J 



±iN« , 



we obtain 

W = -J • A = -A • J = (N L ) 2 - (N R ) 2 . 

In consequence, as an operator on a direct sum of SU{2) UIR's its spectrum is made of 
the numbers + 1) —j r (j r + 1), ji,j r G N/2. A complete classification [7j of the de Sitter 
UIR's is precisely based on the following property. Let Sp{2, 2) 3 g \— > p(g) G Aut(H) a 
UIR of Sp(2, 2) acting in a Hilbert space TC. Then the restriction to the maximal compact 

subgroup K = SU(2) x SU{2) is completely reducible: 

w = ®vijr)& P n jlJr , n juir = c 2 ^ +1 x c 2 > +1 , 

where T p C N/2 is the set of pairs (ji,j r ) such that the UIR D^ 1 ® -D-''' of X appears once 
and only once in the the reduction of the restriction p \k- Let p = infy li3 - r ) e r P 0'i + ^V) 
and g = m ^(h,jr)er p (jr - ji), qi = max (il Jr )er p (jr - Tnen we nave tne following 

3l+jr=P jl+jr=P 

exhaustive possibilities: 

(i) qi — p and go — ~Pi which correspond to elements of the principal and complemen- 
tary series, denoted by T Pj(T where o G (—2, +oo) (with restrictions according to the 
values of p in N/2); 

(ii) qi = p and < g = q < p, which correspond to elements of the discrete series, 
denoted by ITj~ ■ 

(iii) go = — p and < —q\ = q < p, which correspond to elements of the discrete series, 
denoted by U.~ q ; 

(iv) g = gi = = g , which correspond to elements lying at the bottom of the discrete 
series, denoted by IL^o- 

Let us now give more details on these three different types of representations. 
"Discrete series" IL^ g 

Parameter q has a spin meaning and the two Casimir are fixed as 

Ca = (-p(p + l)-(g+l)(g-2))I, 
C 4 =(-p(p + l)q(q-l))I. 

We have to distinguish between 
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(i) the scalar case n p , p — 1, 2, • • • , which are not square integrable, 

(ii) the spinorial case II^ 9 , 5 > 0, p — |, 1, |, 2, • • • , q — p,p — 1, • • • , 1 or |. For q = 1/2 
the representations n ± i are not square- integrable. 

Pi 2 

"Principal series" U SiV 

T p=S(T=i , 2+ i = U SjU , q = ^±iu, <T — q{\ q) . 

p = s has a spin meaning and the two Casimir are fixed as 

C 2 = (a + 2 - s(s + 1))I = (9/4 + v 2 - s(s + 1))I , 
C 4 = <r s(s + 1)1 = (1/4 + v 2 ) s{s + 1)1 . 

We have to distinguish between 

(i) v G R (i.e., a > 1/4), s = 1, 2, • • • , for the integer spin principal series, 

(ii) v 7^ (i.e., a > 1/4), s = |, |, | • • • , for the half-integer spin principal series. 

In both cases, U SjV and U s - V are equivalent. In the case v — 0, i.e. g = |, s = |, |, | • • • , 
the representations are direct sums of two UIR's in the discrete series: 

^,o = n+ 1 0n; 1 . 

>2 '2 

"Complementary series" V SjV 

T p=Si(T= i_^2 = V a>v , q=^±u, 

p = s has a spin meaning and the two Casimir are fixed as 

C 2 = (a + 2 - s(s + 1))I = (9/4 - v 2 - s(s + 1))I , 
C A = a s(s + 1)1 = (1/4 - v 2 ) s(s + 1)1. 

We have to distinguish between 

(i) the scalar case V 0i „, v e R, < \v\ < | (i.e., -2 < a < 1/4), 

(ii) £/ie spinorial case V s%v , < < \ (i.e., < a < 1/4), s = 1, 2, 3, . . . . 
In both cases, V Si „ and V s -„ are equivalent. 

4 Contraction limits or desitterian Physics from the 
point of view of a Minkowskian observer 

On a geometrical level, lim^^ -^H = M.q, the Minkowski spacetime tangent to Ai H 
at, say, the de Sitter origin point Oh- Then, on an algebraic level, lim^^ Sp(2, 2) = 
Vl(l, 3) = M x SL(2, C), the Poincare group. The ten de Sitter Killing vectors contract 
to their Poincare counterparts K^, ILj, \i = 0,1,2,3, after rescaling the four — ► 
11^ = HK^ ("space-time contraction"). On a UIR level, the question is mathematically 
more delicate. 
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The massive case 



For the massive case, the principal series representations only are involved (from which 
the name "de Sitter massive representations"). Introducing v through a = v 2 + 1/4 and 
the Poincare mass m = uH, we have the following result [U [TO] : 

U s ,u — ►if-.o.^oo c > V > (m, s) © c < V < (m, s), 

where one of the "coefficients" among c<, c> can be fixed to 1 whilst the other one vanishes 

> 

and where V < (m,s) denotes the positive (resp. negative) energy Wigner UIR's of the 
Poincare group with mass m and spin s. 

The massless case 

Here we must distinguish between the scalar massless case, which involves the unique 
complementary series UIR T 0i o to be contractively Poincare significant, and the helicity 

= s case where are involved all representations Hf s , s > lying at the lower limit of the 

> 

discrete series. The arrows c —>- below designate unique extension. P < (0,s) denotes the 
Poincare massless case with helicity s. Conformal invariance leads us to deal also with 
the discrete series representations (and their lower limits) of the (universal covering of 
the) conformal group or its double covering SOo(2,4) or its fourth covering 577(2,2) [9]. 

These UIR's are denoted by C<{E , j u j 2 ), where (ji,j 2 ) G N/2 x N/2 labels the UIR's of 
SU(2) x SU (2) and E Q stems for the positive (resp. negative) conformal energy. 

• Scalar massless case : 

C>(1,0,0) C> (1,0,0) 7»(0,0) 

T .o ^ © © © 

e<(-i,o,o) c<(-i,o,o) «- v<(o,o), 

• Spinorial massless case : 

C>(s + l,s,0) C>(a + 1,8,0) ^ V>(0,s) 



n- s 



© © © 

e<(-s-i,s,o) c<(-s- i,8,o) ^ v<(o,s), 

C>(s + l,0,s) C>(s+l,0,s) ^ V > (0,-s) 

© © © 

C<(-s-l,0,s) C<{-s-l,0,s) ^ V<(0,-s), 



We can see from the above that there is energy ambiguity in de Sitter relativity, 
exemplified by the possible breaking of dS irreducibility into a direct sum of two Poincare 
UIR's with positive and negative energy respectively. This phenomenon is linked to the 
existence in the de Sitter group of the discrete symmetry that sends any point (x°,V) € 
Mjj into its mirror image (x°, —V) G Mh with respect to the x°-axis. Under such a 
symmetry the four generators Lo a , a = 1,2,3,4, (and particularly L04 which contracts 
to energy operator!) transform into their respective opposite —L 0a , whereas the six L ab 's 
remain unchanged. All representations that are not listed in the above contraction limits 
have either non-physical Poincare contraction limit or have no contraction limit at all. 
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In order to get a unifying description of the dS-Poincare contraction relations, the 
following "mass" formula has been proposed by Garidi [TT] in terms of the dS UIR pa- 
rameters p and q: 

m Gar = ( C 2)dS ~ (C 2p=q ) dS = [(? ~ ?) (P + ? ~ > m H = ^ff/c 2 . (15) 

The minimal value assumed by the eigenvalues of the first Casimir in the set of UIR in 
the discrete series is precisely reached at p — q, which corresponds to the "conformal" 
massless case. The Garidi mass has the advantages to encompass all mass formulas 
introduced within a de-sitterian context, often in a purely mimetic way in regard with 
their minkowskian counterparts. 

Now, given a minkowskian mass m and a "universal" length R = v/3/A = cH^ 1 , 
nothing prevents us to consider the dS UIR parameter v (principal series), specific of a 
"physics" in constant-curvature space-time, as meromorphic functions of the dimensionless 
physical (in the minkowskian sense!) quantity i? TO , as was introduced in Equation (j2J) in 
terms of various other quantities introduced in this context, Note that $ m is also the 
ratio of the Compton length of the minkowskian object of mass m considered at the limit 
with the universal length R yielded by dS geometry. Thus, we may consider the following 
Laurent expansions of the dS UIR parameter v (principal series) in a certain neighborhood 
oftf m = 0: 

v = v{$ m ) = 1 ~ + e + en? m + • • • e n ($ m ) n + • • • , (16) 

with {} m e (0,i? max ) (convergence interval). The coefficients e n are pure numbers to be 
determined. We should be aware that nothing is changed in the contraction formulas from 
the point of view of a minkowskian observer, except that we allow to consider positive as 
well as negative values of v in a (positive) neighborhood of $ m = 0: multiply ([TBI) by $ m 
and go to the limit $ m — > 0. We recover asymptotically the relation 

m = \v\hH/c 2 = \v 

As a matter of fact, the Garidi mass is a good example of such an expansion since it can 
be rewritten as the following expansion in the parameter "d m G (0, l/|s — 1/2 j ] : 

"= ik - {s - 1/2,2 ^- (s - 1/2)2 (t + °(^)- (18) 

Note the particular symmetric place occupied by the spin 1/2 case with regard to the 
scalar case s = and the boson case s = 1. 

5 Fuzzy de Sitter space-time with Compton wave- 
length 

Examining the equation ffTTl) that fixes the value of the quartic Casimir in terms of the 
operators W a it is tempting, if no natural, to introduce a non-commutative structure for 
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the dS spacetime by replacing the classical variables of the bulk x a with the suitably 
normalized W a operators through the "fuzzy" variables x a 

x <* _> x° = rW a , (19) 

where r ([r] = Z) has been introduced for dimensional reasons. In principle a different r has 
to be introduced for any given irreducible representation characterized by p, q (therefore 
r = r P,g)- 

The non-commutativity reads as follows 

and goes to zero in the limit r — > 0. 

On the other hand, the dS inverse curvature R, arising from the classical constraint 

-x a x a = R 2 , (21) 

is replaced in the "fuzzy" case by the equation 

-x a x° = -r 2 p(p+l)q(q-l), (22) 

inducing the identification 

R = ry/-p(p+l)q(q-l). (23) 

What is r? A natural interpretation consists in assuming it to be a Compton length Z cmp 
of the associated particle. The most immediate approach then consists in looking at the 
Minkowski limit fixing the Minkowskian observational mass m Q b s as the limit of the Garidi 
mass. In this case we have to work with the principal series which allows taking the limit 
v — ► oo. We get that (1151) can be rewritten as 



™ Gar = ^v (s "^ )2 + z/2 ' (24) 

In agreement with (fTE]) . we assume for v a dependence on R such as 

v[R) = c _ lJ R + Co + | + -^ + ... , (25) 
and we can safely take the R — >• oo limit in the r.h.s. and obtain 

h 

m ohs = -c_i. (26) 
c 

We are now in the position to use as r in (1231) the Compton length associated to the 
observational mass m obs . Since we are working with the principal series, (1251) can be in 
this case expressed as 



= — Js(s + 1)(\ + ^), (27) 
m obs c V 4 
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where Rq = c/H . The physical interpretation of the (observational) parameter v is the 
fact that it connects the observational curvature of the dS spacetime with the observational 
mass of the elementary system (for the given spin s > 0). We obtain 

v 2 ( RKbsC 2 _ S(S + 1) 

V h 2 4 

Since v 2 must be positive we end up with a constraint on the observational masses of the 
massive elementary systems with spin s > 0. The constraint is given by the relation 

m obs > ^ s (s + l)±- = ^^s(s + l). (29) 

One can say that for all known massive particles this lowest bound is of the order of the 
observed Hubble mass ~ 1.6 10 _42 GeV. Combining the upper limit of Table 1 and this 
lowest limit, we obtain the allowed mass range for massive neutrinos: 

« 1.2 1(T 42 GeV < m n <^ 9.7 1(T 11 GeV . 

The lower bound (129]) for the observational masses of spin s > particles is based 
on the present-day value for the Hubble constant and the associated curvature of the 
universe. It admits, however, a reversed lecture. Starting from the known observational 
masses of the particles with positive spin, it could allow putting an upper bound (which 
can have cosmological implications) on the curvature of the dS universe. 

It is worth pointing out that the "de Sitter fuzzy Ansatz" implies a lower bound for 
the observed masses of all massive particles of positive spin s. The lower bound does not 
depend on the electric charge (positive, negative or vanishing) of the particles. It depends 
smoothly on their spin s. For large spin s the lower bound grows linearly with s. 

We refer to the construction of the fuzzy de Sitter spacetime discussed in this Section 
as "Scenario I". In this scenario the Compton length has been defined in the limiting 
Minkowski spacetime. In the next Section we will discuss another scenario (referred to as 
"Scenario II"), such that the Compton length is defined in the de Sitter spacetime itself. 



) 8(8 + 1)' 



6 Fuzzy de Sitter and Garidi mass 

Another interpretation of r consists in assuming it to be a Compton length Ic of the 
associated particle with its desitterian Garidi mass. The Compton length is in this case 
defined in the de Sitter spacetime itsef. We refer to this scenario as "Scenario II". For 
the irreducible representation characterized by p, q the Compton length is 

Ic = — - (30) 
m Gar c 

Scenario II offers different possibilities of constraining the relevant p, q UIR's which 
satisfy some given properties. We explicitly discuss two such cases. In the first case we 
have 



l ° cm H y (p-q)(p + q-l) ^tipiV (p- q)(p + q- 1) ^ 
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and 



R_ 

Ipi 

For the principal series we can set 



1 -p(p+ l)g(g~ 1) 



(32) 



P 
3 



s, 
1 



(33) 



where s is the spin and v E R. For this series we obtain that (1321) reads as 



i2 

^Pi 



1 



(34) 



The last equality holds in the limit v — > oo. 

On the other hand, it is possible to choose such that the r.h.s. of (1341) does not 

[sis I 1) I s ( s + 1 ) / — 

depend on s. For s = 1 we get * 4s2 _ 4 ^ = y2 no matter which is the value of v. In 

order to reproduce this value for any positive (half-) integer spin s, v must be given by 

(35) 



7s 2 - 9s + 2 



4s 2 + 4s - 



The above equation always admits real solutions (for s — \ 



2 ' 



V 



for s = v 



3 
2' 



for s = 2, v = §, for s 



2' 



-, . . . with, in the limit s — * oo, ^ 



-) 



In the massless case we have ma a r = 0, which implies either p = q or p = 1 — q. In 
both cases 



R 



r a/p 2 (1 — p 2 ), 

which is positive only for p = ~ (we are dealing with the II ± i i irrep). Therefore 

r = T 

In order to obtain the "universal formula" 



(36) 
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— = ^ 

^Pi ^P* 



(37) 



(38) 



we have to fix r, the Compton length la of the massless spin \ system, to be given by 



r = la = -r^-t/^r. 



32 



ic 



pi 




(39) 
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Summarizing the results obtained so far, in the first case of Scenario II we can constrain 
the p, q UIR's such that the ratio -A- between the de Sitter curvature and the Planck 
length becomes universal (i.e., the allowed p,q produce formula fl38|) ). 

In a second case for Scenario II, the Compton length for the Hubble mass is associated 
with the curvature R through 

m a = A. (40) 

By assuming (flOl) we can reexpress the Garidi mass niQ. AT in terms of p, q and the curvature 
R (besides the constants c and H). We obtain 

fa 

mGar = di^(p~ q ')(p + q ~ 1 )- ( 41 ) 

Since 



with r the Compton length associated to the Garidi mass (r = m ^ - ), we end up with 



R = ry/-p(j) + l)q(q-l), (42) 

Jompton length ; 

the equality 

R = RJ ^ ' 11. (43) 



In this case the constraint 




(p-q)(p + q- 1 



(44) 



has to be satisfied, giving a restriction on the allowed (p, q) UIR's. 

For the principal series (p — s, q — ^ + iv) the restriction corresponds to the equation 



s(s + l)(\ + v 2 ) = {s- l -f + u\ (45) 



which implies 



2 V s 2 + s-l V ' 

The above equation finds solutions for any positive spin s > 0. 



7 Conclusions 

In this work we described a natural fuzzyness of the de Sitter spacetime. In analogy to 
what happens in the case of the fuzzy spheres, a non-commutative structure for dS can 
be introduced by replacing the classical variables of the bulk with the dS analogs of the 
Pauli-Lubanski operators, suitably normalized by a dimensional parameter which plays 
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the role of the Compton length and measures the granularity of the non-commutative dS 
space-time. We adopt the point of view of the elementary system described by UIR's 
of the de Sitter group (parametrized by the pair (p,q)) and determine the mathematical 
and physical consequences of the "de Sitter fuzzy Ansatz" . Two different scenarios have 
been investigated according to the possibility that the Compton length of the elemen- 
tary system is described in the Minkowski limit of the de Sitter spacetime (Scenario I; in 
this case the suitable UIR's of the de Sitter spacetime belong to the principal series and 
the UIR's of the Poincare group are recovered in the limit v — > oo) or in the de Sitter 
spacetime itself (Scenario II). The "fuzzy dS Ansatz" in Scenario I has some observational 
implications. The observed masses of all massive particles with spin s > admits a lower 
bound of the order of the Hubble mass. For large s the lower bound grows linearly with 
s. The lower bound is only function of the spin (not of the charge of the particles) and 
applies in particular to the case of the massive neutrinos. In scenario II the Compton 
length is fixed in the de Sitter spacetime itself and grossly determines the number of finite 
elements ("pixels" or "granularity") of a de Sitter spacetime of a given curvature. In 
Scenario II the allowed UIR's (parametrized by p and q) are determined in accordance 
with the properties that have to be required for the fuzzy dS spacetime. We discussed in 
particular two cases. A first case such that the ratio p- between the dS curvature and the 
Planck length is universal. A second case such that the Compton length for the Hubble 
mass is given by the dS curvature. 

Acknowledgments 

This work was supported (F.T.) by Edital Universal CNPq, Proc. 472903/2008-0. 
J.P.G. is grateful to CBPF, where this work was completed, for hospitality. 

References 

[1] Newton T D and Wigner E P 1949 Localized States for Elementary Systems, Rev. 
Mod. Phys. 21 400 

[2] Wigner E P 1939 On Unitary Representations of the Inhomogeneous Lorentz Group, 
Ann. Math. 40 149 

[3] Kirillov A A (2004). Lectures on the Orbit Method. Providence, RI: American Math- 
ematical Society. 

[4] Linder V P 2008 Resource Letter DEAU-1: Dark energy and the accelerat- 
ing universe, Am. J. Phys. 76 197; Caldwell R and Kamionkowski M 2009 
The Physics of Cosmic Acceleration, astro-ph.CO 0903.0866vl; see also the link 
|http: / /lambda.gsfc.nasa.gov / product / map / current / map| 

[5] Lahav O and Liddle A R 2006, review article for The Review of Particle Physics 
2006, in S. Eidelman et al. 2004 Physics Letters B592, 1 (see 2005 partial update 
for edition 2006, |http://pdg.lbl.gov/[ ) 



15 



de Boer J and Tjin T 1993 Commun. Math. Phys. 158 485; ibidem 1994160 317 

Dixmier J 1961, Bull. Soc. Math. France, 89 9; Takahashi R 1963 Bull. Soc. Math. 
France, 91 289 

Mickelsson J and Niederle J 1972 Commun. Math. Phys., 27 167 
Barut A O and Bohm A 1970 J. Math. Phys., 11 2398 

Garidi T, Huguet E and Renaud J 2003 Phys. Rev. D, 67 124028, |gr^q~c/0304031| 

Garidi T 2003 What is mass in desitterian Physics?, |hep-th/0309104~| 

Gazeau J P and Lachieze-Rey M 2006 Proceedings of Sciences, POS (IC2006) 007 

Gazeau J P and Novello M 2008 The question of mass in ( anti- ) de Sitter spacetimes 
J. Phys. A: Math. Theor. 41 304008 

[14] Gazeau J P, Mourad J, and Queva J Fuzzy de Sitter space-times via coherent states 
quantization Proceedings of the XXVIth Colloquium on Group Theorical Methods 
in Physics, New York 2006 (to appear, 2009) quant-ph/0610222vl 



16 



